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Let G be a 2-connected d-regular graph on nrd (r3) vertices and c(G) denote
the circumference of G. Bondy conjectured that c(G)2n(r&1) if n is large
enough. In this paper, we show that c(G)2n(r&1)+2(r&3)(r&1) for any
integer r3. In particular, G is hamiltonian if r=3. This generalizes a result of
Jackson. Examples to show that the bond for c(G) is sharp and that Bondy’s
conjecture does not hold if r is allowed to take non-integer values are given.
 1999 Academic Press
1. INTRODUCTION
We consider only finite undirected graphs without loops and multiple
edges. The set of vertices of a graph G is denoted by V(G) or just by V ;
the set of edges is denoted by E(G) or just by E. We use |G| as a symbol
for the cardinality of V(G). If H and S are subsets of V(G) or subgraphs
of G, we denote by NH(S) the set of vertices in H which are adjacent to
some vertex in S and set |NH(S)|=dH(S). In particular, when H=G and
S=[u], let NG(u)=N(u) and set dG(u)=d(u). We say a graph G is
d-regular if d(u)=d for any u # V(G). Let c(G) denote the circumference
(the length of a longest cycle) of G. As usual, $ denotes the minimum
degree of vertices of G. Dirac [3] showed:
Theorem 1. Let G be a 2-connected graph on n3 vertices. Then
c(G)min[n, 2$].
For regular graphs, we have the following better results:
Theorem 2 (Jackson [5]). Let G be a 2-connected d-regular graph on
n3d vertices. Then G is hamiltonian.
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Theorem 3 (Fan [4], Jung [6]). Let G be a 3-connected d-regular
graph on n vertices. Then c(G)min[n, 3d].
By considering the circumference for 2-connected d-regular graph, Bondy
[1] made the following conjecture which includes Theorem 2 as a special
case.
Conjecture. Let G be a 2-connected d-regular graph on nrd vertices,
where r3 and n is sufficiently large. Then c(G)2n(r&1).
In this paper, we shall prove the following theorem, which implies that
Bondy’s conjecture is true if r is an integer and generalizes Theorem 2.
Theorem 4. Let G be a 2-connected d-regular graph on nrd vertices,
where r is an integer and r3. Then c(G)2n(r&1)+2(r&3)(r&1).
Remark 1. Let d and k be integers with d3 and kd&2. Let G be
a 2-connected d-regular graph with a vertex cut set [u, v] such that
G&[u, v] has k components each of which has exact d+1 vertices. For G,
we have |G|=k(d+1)+2(k+1) d and c(G)=2(k(d+1)+2)k+
2(k&2)k=2d+4, which shows that the lower bound in Theorem 4 for
c(G) is best possible.
Remark 2. In Remark 1, take k=3 and let r=nd=3+5d to get a
d-regular graph G. Clearly, c(G)=2d+4 and for d large enough, n is
large enough and 2n(r&1)=(6d+10)(2+5d )>c(G). This means that
Bondy’s conjecture does not hold if r is allowed to take non-integer values.
2. PRELIMINARIES AND SEVERAL LEMMAS
Paths in G are considered as subgraphs of G. Let P=P[a, b] denote a
path from a to b in G. For v # V(P), if v{a, we donte by v& its predecessor
and if v{b, we denote by v+ its successor. For SV(P), we define S+=
[v+ : v # V(P)&[b]] and S&=[v& : v # V(P)&[a]]. For u, v # V(P),
denoted by P[u, v] the subpath of P from u to v. Write P(u, v] for
P[u+, v], P[u, v) for P[u, v&] and P(u, v) for P[u+, v&]. For a compo-
nent H of G&P let PH denote the maximum subpath of P whose terminal
vertices are joined to H. For a subgraph Q of G and u, v # V(Q), we denote
by PQ[u, v] the longest uv-path in Q. For a cycle C with a given cyclic
orientation we use the similar notations. Let }(G) denote the connectivity
of G. For SV(G), let G[S] denote the subgraph of G induced by S.
The following results on the longest path joining specified vertices in a
graph is due to Jung [7].
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Theorem 5. Let a and b be distinct vertices and P be a longest ab-path
in the 2-connected graph G. Each component H of G&P contains a vertex
v such that
(i) |PH|d(v)+1,
(ii) |PH|d(v)+2 if H has a cut vertex,
(iii) |PH|2d(v)&1 or |H|d(v)&1 and }(G)=2.
Corollary 1. Let G be a 2-connected graph and a, b be two distinct
vertices of G. If d(x)d for every x # V(G)&[a, b] and |G|2d&1, then
the longest ab-path in G contains all vertices of G.
From now on, we always assume that G satisfies the conditions of
Theorem 4. Since 3d2n(r&1)+2(r&3)(r&1) if nrd and r3, by
Theorem 3 we only need to prove Theorem 4 for graphs which have
connectivity 2. If d=2, then c(G)=n and by Theorem 2, if r=3 then
c(G)=n. Thus Theorem 4 holds. Therefore, in the remaining part of this
paper, we assume that }(G)=2, n>3d and d3.
Definition 1. Let B be a subgraph of G which contains only [u, v] as a
vertex cut set of G. We say B is an H-block of G, if B _ [uv] is 3-connected
and there exists a longest uv-path P in B such that |P|=|V(B)|. u and v
are called endvertices of B.
Lemma 1. Let G$ be a subgraph of G with }(G$)2 and x, y be two
adjacent vertices in V(G$). If G$&[x, y] is connected and for any
z # V(G$)&[x, y], dG$(z)=d, then
(i) either }(G$)3 or there exist a vertex cut set [u, v] of G$ and a
component H of G$&[u, v] such that [u, v]{[x, y] and G$[V(H) _ [u, v]]
_ [uv] is 3-connected ;
(ii) there exists an H-block in G$ or |PG$[x, y]|2d&1.
Proof. (i) Assume that }(G$)=2. Since G$&[x, y] is connected and
xy # E, for any vertex cut set [u, v] of G$, we have [u, v]{[x, y] and x, y
cannot be in the different components of G$&[u, v]. Since }(G$)=2 and
d3, we can choose a vertex cut set [u, v] and a component H of
G$&[u, v] such that V(H) & [x, y]=< and B=G$[V(H) _ [u, v]] _
[uv] contains no cut vertex set with less than 3 vertices, that is B is
3-connected. Hence, (i) holds.
(ii) If }(G$)3, by Theorem 5 we have |PG$[x, y]|min[ |G$|,
2d&1]. Thus (ii) hold.
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If }(G$)=2, by (i), we can get a vertex cut set [u, v] of G$ and a compo-
nent H of G$&[u, v] such that [u, v]{[x, y], V(H) & [x, y]=< and
B=G$[V(H) _ [u, v]] _ [uv] is 3-connected. If |PB[u, v]|=|V(B)|, then
B is an H-block of G$. Otherwise, by Theorem 5, PB[u, v]|2d&1. Since
G$ is 2-connected and V(H) & [x, y]=<, we have |PG$[x, y]|>
|PB[u, v]|2d&1. Thus (ii) holds. K
Corollary 2. Let [u, v] be a vertex cut set of G and H be a component
of V(G)&[u, v]. Let H$=G[V(H) _ [u, v]] _ [uv]. Then
(i) |PH$[u, v]|min[ |H$|, d+2];
(ii) |PH$[u, v]|2d, if H$ is 3-connected, d=4, |H$|>8 and
dH(u)=dH(v)=2.
Proof. (i) Since H$ is a subgraph of G and 2-connected, by Lem-
ma 1(ii), there exists an H-block of G in H$ or |PH$[u, v]|2d&1. In the
latter case, Corollary 2(i) holds, since d3. Thus we may assume that
there is an H-block of G, say B, in H$. Since G is d-regular, |B|d+1. Let
[u1 , v1] be the endvertices of B. If [u, v]{[u1 , v1], it is easy to show
that |PH$[u, v]|d+2, since H$ is 2-connected. If [u, v]=[u1 , v1], then
|PH$[u, v]|=|H$|.
(ii) By contradiction, assume that |P|=|PH$[u, v]|2d&1=7. By
Theorem 5, we have |P|=7 and |V(H$&P)|2 since |H$|>8. Because
dH(u)=dH(v)=2, u and v can only be adjacent to one component of
H$&P. Let H1 be any component of H$&P. Since P is a longest uv-path
in H$ and |P|=7, we obtain |H1 |2 and consequently, NH1(u){< and
NH1(v){< as H$ is 3-connected. Thus H$&P has only one component,
say H1 . If |H1 |3, since H$ is 3-connected, there are three disjoint paths
between V(H1) and V(P). Thus we can easily get a uv-path which is longer
than P in H$, a contradiction. If |H1 |=2, then dP(w)=3 for any w in H1 .
Thus we can also get a uv-path which is longer than P in H$, a contradic-
tion. Hence |P|2d=8. K
Lemma 2. If d4, then c(G)2n(r&1)+2(r&3)(r&1).
Proof. Since 3d2n(r&1)+2(r&3)(r&1), we will show c(G)3d.
By contradiction, assume that c(G)3d&1.
We first claim that for any vertex cut set [u, v], G&[u, v] has only two
components. Otherwise, by d4, there are two components, say H1 and
H2 such that dHi (u)=1 and dHi (v)=1 (i=1, 2). Suppose that [u i , vi]
(N(u) _ N(v)) & V(Hi) (i=1, 2). Then [ui , vi] is a vertex cut set of G. Thus
by Corollary 2, |PHi[ui , vi]|d+1 (i=1, 2). Hence we can get a cycle
with at least 2d+43d vertices, a contradiction.
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By Lemma 1(i), we may choose a vertex cut set [u, v] of G and a
component H of G&[u, v] such that G1=G[V(H) _ [u, v]] _ [uv] is
3-connected. Then dH(u)2, dH(v)2 and |H|d&1 since G is d-regular.
By Theorem 5, there exists a longest path P1[u, v] in G1 such that
either |P1[u, v]|=|G1 |d+1 or |P1[u, v]|2d&1. Let H$ be the other
component of G&[u, v]. We consider the following two cases.
Case 1. There exists a uv-path which contains all vertices of H$.
Since c(G)3d&1 and n>3d, we have |P1[u, v]|2d&1. Because G is
d-regular, dH(u)2 and dH(v)2, we have |H$|d. If |H$|d+1, then
we can easily get a cycle with at least 3d vertices in G, a contradiction.
Thus |H$|=d and dH$(u)+dH$(v)d, which implies d=4, dH$(u)=2 and
dH$(v)=2. By Corollary 2(ii), |P1[u, v]|2d since |H|>2d. Thus we can
get a cycle in G with at least 3d vertices, a contradiction.
Case 2. There is no uv-path which contains all vertices of H$.
By Corollary 1, |H$|2d&2. Let G2=G[V(H$) _ [u, v]] _ [uv].
If G2 is 3-connected, then |PG2[u, v]|2d&1 and dH$(u)=dH$(v)=2.
Since c(G)3d&1, |H|=d. Thus |G2 |>2d by the fact that n>3d.
Hence, by Corollary 2(ii) |PG2[u, v]|2d, which implies c(G)3d, a con-
tradiction.
Hence }(G2)=2. Suppose that [u1 , v1] is a vertex cut set of G2 . Then
|[u1 , v1] & [u, v]|1. Without loss of generality, assume that u1  [u, v].
Let H2 be a component of G2&[u1 , v1] such that u  V(H2). By uv # E(G2)
we have v  V(H2). Let G3=G[V(H2) _ [u1 , v1]] _ [u1v1].
If |H|d, then |PG1[u, v]|d+2. When |PG3[u1 , v1]|=d+1, then
|[u1 , v1] & [u, v]|=0 and dG2&G3(u1)=dG2&G3(v1)=1. Since G&[u1 , v1]
has only two components and V(H$)3 V(PH$[u, v]), we have either
N(u) & [u1 , v1]=< or N(v) & [u1 , v1]=<. Since G2 is 2-connected, there
exists two disjoint paths in G2&H2 which connect [u, v] and [u1 , v1].
Thus we can get a cycle with 3d vertices in G since d4, a contradiction.
When |PG3[u1 , v1]|d+2, then |[u, v] & [u1 , v1]|=1 by the fact that
c(G)3d&1 and d4. Let v=v1 . Since G&[u1 , v1] has only two com-
ponents and G2 is 2-connected, there exist a path connecting u and u1 with
at least one internal vertex in V(G2&G3). Thus c(G)3d since d4, a
contradiction.
If |H|=d&1, then dG&G1(u)=dG&G1(v)=1. Let uu$ # E and vv$ # E,
where u${v$ # V(G&G1). Set G$=G[V(G&G1)] _ [u$v$]. Since c(G)
3d&1, by Theorem 5, }(G$)=2 and |PG$[u$, v$]|d+2. Suppose that
[u2 , v2] is a vertex cut set of G$. Then |[u2 , v2] & [u$, v$]|1. Without
loss of generality, assume that u2  [u$, v$]. Let H3 be a component of
G$&[u2 , v2] such that u$  V(H3). Since u$v$ # E(G$), we have v$  V(H3).
Let G4=G[V(H3) _ [u2 , v2]] _ [u2v2]. Since |PG$[u$, v$]|d+2, by
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Theorem 5, we have |PG4[u2 , v2]|=d+1, |[u2 , v2] & [u$, v$]|=1 and
N(x)V(H3) _ [u$, v$] for any x # V(H3). Since V(H$)3 V(PH$[u$, v$]),
G&[u$, v$] has at least three components, a contradiction.
Hence, Lemma 2 holds. K
In the remaining part of this paper, we always assume that c(G)<
2n(r&1)+2(r&3)(r&1). Then by Theorem 2 and Lemma 2, n>3d,
r4 and d5. We can easily derive that 3d&12n(r&1)+2(r&3)
(r&1), if r4 and d5. Hence by the assumption, we have c(G)3d&2.
Lemma 3. (i) There exists some H-block in G ;
(ii) for any H-block B of G, d+1|B|2d&2, and if |B|=d+1,
then dG&B(u)=1 and dG&B(v)=1, where u and v are endvertices of B ;
(iii) for any H-block B with endvertices u and v, there exists a H-block
in R, where R=G[V(G&B) _ [u, v]] _ [uv].
Proof. (i) Assume that G has no H-block. Since }(G)=2, we can
choose a vertex cut set [u, v] of G and a component H of G&[u, v] and
let B=G[V(H) _ [u, v]] _ [uv]. Then B is 2-connected. Thus by Lemma 1,
|PB[u, v]|2d&1. Choose another component H1 of G&[u, v] and
set B1=G[V(H1) _ [u, v]] _ [uv]. Then B1 is 2-connected. Thus by
Lemma 1, |PB1[u, v]|2d&1. Hence we can get a cycle with at least
4d&4 vertices. Therefore, c(G)>3d by d5, contrary to the assumption.
(ii) Since G is d-regular, |B|d+1. If |B|=d+1, then dB(u)=d&1
and dB(v)=d&1. Thus dG&B(u)=1 and dG&B(v)=1.
If |B|2d&1, then by Theorem 5, there exists a uv-path in B with at
least 2d&1 vertices. Since u, v are endvertices, there exists a component H
of G&[u, v] such that V(H) & V(B)=<. Let B$=G[V(H) _ [u, v]] _
[uv]. Since G is d-regular, dB(u)3, dB(v)3, we have |B$|d+2. Thus
by Corollary 2(i), |PB$[u, v]|d+2. Hence, we can get c(G)3d&1,
contrary to the assumption.
(iii) Assume that there is no H-block in R. If |B|d+2, choose a
component H1 of R&[u, v] and set B1=G[V(H1) _ [u, v]] _ [uv]. Then
B1 is 2-connected. Since there is no H-block in R, by Lemma 1(ii),
|PB1[u, v]|2d&1. Thus c(G)3d&1, a contradiction.
If |B|=d+1, then dR(u)=1 and dR(v)=1 by Lemma 3(ii). Let u1 # R
and v1 # R such that uu1 # E and vv1 # E. Choose a component H1 of
R&[u1 , v1] such that V(H1) & [u, v]=< and set B1=G[V(H1) _
[u1 , v1]] _ [u1v1]. Then B1 is 2-connected. Since R has no H-block of G,
by Lemma 1(ii), |PB1[u1 , v1]|2d&1. Thus we can get c(G)3d since
[u, v] & V(B1)=<, a contradiction. K
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Lemma 4. Let Bi (i=1, 2) be two H-blocks of G with endvertices ui
and vi of Bi , respectively. Then [u1 , v1] & (V(B2)&[u2 , v2])=< and
[u2 , v2] & (V(B1)&[u1 , v1])=<.
Proof. By the definition of the H-block we can easily verify
Lemma 4. K
Let Bi (i=1, 2, ..., s) be all the H-blocks of G and ui , vi be the endvertices
of Bi . By Lemma 4, V(Bi) & (V(Bj)&[uj , vj])=< for i{ j. Since G is
2-connected, there are two disjoint paths in G connecting [ui , vi] and
[uj , vj]. Thus any two distinct H-blocks are contained in a cycle of G. Let
C be a cycle which contains two H-blocks, say B1 and B2 . Without loss of
generality, let P1=P1[u1 , u2] be the subpath of C connecting u1 and u2
and P2=P2[v1 , v2] be the subpath of C connecting v1 and v2 .
Lemma 5. |[x # V(B1) _ V(B2) : N(x) & V(G&C)=<]|2d.
Proof. Without loss of generality, assume that |B1 ||B2 |.
If |V(B1) _ V(B2)&[u1 , u2 , v1 , v2] |2d, by Definition 1, Lemma 5
holds.
If |V(B1) _ V(B2)&[u1 , u2 , v1 , v2]|2d&1, then |B2 |=d+1. By
Lemma 3(ii), dG&C(u2)=0 and dG&C(v2)=0. Thus Lemma 5 holds. K
Corollary 3. c(G)|C|2d+3.
Proof. By contradiction, assume that |C|2d+2. Since G is 2-connected,
by Lemma 5, |C|=2d+2 and there exist two vertices, say x, y, of V(C)
such that dG&C(x){0 and dG&C( y){0. Without loss of generality, let
|B1 ||B2 |. Then |B1 |d+2. If |B1 |=d+1, then by Lemma 3(ii),
|B2 |d+2 and V(B1) & V(B2)=<. Thus |C|2d+3, contrary to the
assumption. If |B1 |=d+2, then |B2 |=d+2 and [u1 , v1]=[u2 , v2] since
|C|=2d+2. Because G is d-regular, dG&C(w)=0 for any w # V(C),
contrary to the fact that G is 2-connected. K
By Corollary 3, |C|2d+3. Let G$ be a 2-connected subgraph of G
which contains C such that 3d<|V(G$)||V(G)| and dG$(w)=d for any
w # V(G$&C). Since |C|3d&2, by Lemma 5, |H|2 for any component
H of G$&C. If C satisfies
NC(w) & (NC(w))+=< for any vertex w of V(G$&C), (V)
then we have the following lemmas.
Lemma 6. Let H be a component of G$&C. Then there are no two
y, z # V(P i) (i=1 or 2) connected by a path with at least two internal vertices
in H.
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Proof. Suppose that, without loss of generality, there is a path P$[ y, z]
connecting y{z # V(P1) such that |V(P$( y, z)) & V(H)|2. By (V),
N+Pi (w) & NPi (w)=< (i=1, 2) for any w # V(H).
Case 1. H is 2-connected.
Set 2=max[dC(x) : x # V(H)] and $$=d&2.
If 2nr(r&1)+(r&3)(r&1)+1, then by Lemmas 3 and 5, we have
|C|2d+2(nr(r&1)+(r&3)(r&1)+1)&2.
Thus, since nrd, we can get c(G)|C|2n(r&1)+2(r&3)(r&1),
contrary to the assumption.
If 2<nr(r&1)+(r&3)(r&1)+1, then $$d&nr(r&1)&(r&3)
(r&1)&1. By Theorem 5, any two distinct vertices of V(H) is connected
by a path with at least $$+1 vertices in V(H). Since |P$( y, z)|2, by
Corollary 3, we have |C|2d+3+(d&nr(r&1)&(r&3)(r&1)&1)+1.
Since c(G)<2n(r&1)+2(r&3)(r&1) and nrd, we can get 3d+
3&nr(r&1)&(r&3)(r&1)<2n(r&1)+2(r&3)(r&1).
Hence, 3(d+1)(r&1)<2dr+d+3r&9, that is, rd<4d&6, contrary to
the fact that r4.
Case 2. H has cut vertices.
Let H1 and H2 be two endblocks of H and q1 , q2 be the cut vertices of
H in V(H1), V(H2), respectively. Set 2j=max[dC(x) : x # V(Hj)&[qj]]
and $j=d&2j j=1, 2.
If 2jnr(r&1)+(r&3)(r&1)+1 for j=1 or 2, then by Lemmas 3
and 5, we have |C|2d+2(nr(r&1)+(r&3)(r&1)+1)&2.
Thus for the same reason as in Case 1, we can get a contradiction.
If 2j < nr(r & 1) + (r & 3)(r & 1) + 1 ( j = 1, 2), then we have
$jd&nr(r&1)&(r&3)(r&1)&1, j=1, 2.
In this subcase, we have |H1 |4 and |H2 |4, since otherwise,
2jd&2 ( j=1 or 2). Thus by Lemma 5 and (V), we have |C|
2d+2(d&2)&2=4d&6, which implies |C|3d&1 as d5, contrary to
the assumption that |C|3d&2.
Hence by Theorem 5 and a result of Bondy and Jackson [2, Lemma 2]
which says that in a 2-connected graph G with at least four vertices and
u, v, w in V(G), if each vertex of V(G)&[u, v, w] has degree at least $, then
G has a uv-path of length at least $, we have for any wj # V(Hj)&[qj] and
any w$ # V(H)&[wj] ( j=1, 2), there exists a w$wj -path in V(H) with at
least $j+1 vertices.
Since G$ is 2-connected, there exist wj # V(Hj)&[qj] ( j=1, 2) such
that NC(wj){<. When NP1(wj){< for j=1 or j=2, since |V(P$( y, z)) &
V(H)|2, we can get a cycle C$ such that |C$|2d+3+(d&nr(r&1)&
(r&3)(r&1)&1)+1.
Thus for the same reason as in Case 1, we can get a contradiction.
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When NP1(wj)=<, then NP2(wj){< ( j=1, 2) and we can also get a
contradiction as above. K
Lemma 7. |H|d for any component H of G$&C.
Proof. If |H|d&1, then for any v # V(H) we have dC(v)2. By
Lemma 6, there exist a vertex, say x, in P1 and a vertex, say y, in P2 such
that NC(H)[x, y]. Since d(w)=d for any w # V(H), we have |H|=d&1.
Thus dH(x)=d&1. On the other hand, since dC(x)2, we have d(x)
d+1, a contradiction. K
Lemma 8. For any component H of G$&C, there exists a path Q=Q[x, y]
such that V(Q) & V(C)=[x, y] and G$[Q] contains an H-block.
Furthermore, V(H)V(Q) if |H|2d&3 and Q is a longest xy-path.
Proof. Let S=[z : zu # E(G$), z # V(C), u # V(H)]. Since G$ is 2-con-
nected, |S|2.
If |S|=2, then by Lemma 6 we may assume that z1 # V(P1) and
z2 # V(P2). Notice that [z1 , z2] is a vertex cut set of G$ and H$=G[V(H)
_ [z1 , z2]] _ [z1z2] is 2-connected. Since c(G)3d&2, by Lemmas 1
and 3, there is an H-block, say B3 , in G$[V(H) _ [z1 , z2]] _ [z1z2]. Since
G$ is 2-connected, there are two vertex disjoint paths connecting [z1 , z2]
and [u3 , v3] in V(H). Furthermore, if |H|2d&3 and Q is a longest z1z2 -
path with all its internal vertices in H, by Corollary 1, V(H)V(Q). Thus
Lemma 8 holds.
If |S|3, we may assume that |NC(H) & V(P1)|2. By Lemma 6, there
is only one vertex in H, say b1 , such that dP1(b1)2 and dP1(b)=0 for any
b # V(H)&[b1]. Let a1 # NP1(b1). Since G$ is 2-connected, there exists a
vertex, say b2 , in V(H)&[b1] such that N(b2) & V(P2){< and if
|N(b2) & V(P2)|2, then by Lemma 6 dP2(b)=0 for any b # V(H)&[b2].
Let a2 # NC(b2). Since |H|d5, we have either [b1 , a2] or [b1 , b2] is a
vertex cut set of G$. Using the same argument as above, we can get that
there exits an H-block, say B3 , in G$[V(H) _ [a1 , a2]] _ [a1 a2] and there
is a path Q=Q[a1 , a2] such that V(B3)V(Q) and V(Q) & V(C)=
[a1 , a2]. Furthermore, if |H|2d&3 and Q is a longest a1a2 -path with all
its internal vertices in H, by Corollary 1, V(H)V(Q). Thus Lemma 8
holds. K
Lemma 9. There exist pr&3 distinct paths Qi=Qi[wi , zi] (not
necessarily disjoint) with V(Qi) & V(C)=[wi , zi] (1i p) such that
(i) V(G$&C) pi=1 V(Qi),
(ii) Qi contains an H-block of G and |Qi |d+2,
(iii) if p2, then |V(Qi)&V(Qj)|d for any i{ j.
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Proof. We use induction on r. If r=4, by Corollary 3 and Lemma 7,
G$&C has only one component H with d|H|2d&3. By Lemma 8,
there exists a path Q1[x, y] such that V(Q1) & V(C)=[x, y] and G$[Q1]
contains an H-block, say B3 . Let Q1 be a longest xy-path with all its inter-
nal vertices in H. By Lemma 8, we have V(H)V(Q1).
If r=5, by Lemma 7 and Corollary 3, d|V(G$&C)|3d&3. When
G$&C has two components H1 and H2 . We consider the graphs G1=
G$[V(C) _ V(H1)] and G2=G$[V(G$&H1)]. Since 3d<|Gi |4d
(i=1, 2), there exist Qi=Qi[wi , zi] (i=1, 2) such that Q i contains an
H-block of G in Hi , V(Qi) & V(C)=[wi , zi] and V(Hi)V(Q i). Since
V(H1) & V(H2)=<, by Corollary 3, |V(Q1)&V(Q2)|d.
When G$&C has only one component H1 , by Lemma 8, we may choose
a longest path Q1=Q1[x, y] such that Q1 contains an H-block, say B3 ,
and V(Q1) & V(C)=[x, y]. Furthermore, V(H1)V(Q1) whenever
|H1 |2d&3. Thus we only need to deal with the case when |H1 |2d&2
and V(H1)3 V(Q1).
By Lemma 6, we may assume that x # V(P1) and y # V(P2). Choose a
longest such path Q1[x, y] with NG$(x$) & V(H)=< for any
x$ # V(P1(x, u2]) and NG$( y$) & V(H)=< for any y$ # V(P2( y, v2]). Set
S=V(C)&(V(P1(x, u2)) _ V(P2( y, v2)) _ V(B2)). Then d+3|S| when
|NC(H1)|3 and when |NC(H)|=2 we may also assume that |S|d+3,
since otherwise |S$|=|C|&|S&[x, y]|d+3 by |C|2d+3.
We now consider the graph G$1=G$[S _ V(H1)]. Clearly, G$1 is a
2-connected subgraph of G, 3d<|V(G$1)|4d. By the choice of Q1 , the
cycle C$ with the vertex set V(Q1) _ S contains V(B1) and V(B3) and
satisfies ( V ) for any w # V(G$1&C$). Thus by Lemma 8 and the fact that
|G$1&C$|2d&3, there exists a path Q2[w2 , z2] such that Q2 contains an
H-block, V(G$1&C$)V(Q2) and V(Q2) & V(C$)=[w2 , z2]. It is easy to
see that |V(Q1)&V(Q2)|d. If [w2 , z2]S, then Q1 and Q2 are required
paths. If [w2 , z2]3 S, since G$1 is 2-connected, we can find two shortest
vertex disjoint paths connecting [w2 , z2] to two vertices, say [w$2 , z$2], of
S. Thus there exists a path Q$2[w$2 , z$2] with V(Q2)V(Q$2) such that
V(Q$2) & V(C)=[w$2 , z$2]. Hence Lemma 9 hold for r=5.
Now we assume that Lemma 9 holds for 6qr&1, we will prove that
Lemma 9 holds when q=r. Let H1 , ..., Hk be all the components of G$&C.
We distinguish the following two cases.
Case 1. k2.
By Lemma 7, |Hi |d (1ik). Let Gi=G$[V(C) _ V(Hi)] (1ik).
Then every Gi is 2-connected subgraph of G and 3d<|Gi |(r&1) d. Thus
there exist qi paths Q ij[w
i
j , z
i
j] with V(Q
i
j) & V(C)=[w
i
j , z
i
j] (1 jq i)
such that V(Gi&C)qij=1 V(Q
i
j), Q
i
j contains an H-block and if qi2,
|V(Q ij1)&V(Q
i
j2
)|d for any 1 j1< j2qi . Since V(H i1) & V(Hi2)=< for
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any 1i1<i2k, |V(Q i1j1)&V(Q
i2
j2
)|d for any j1 with 1 j1q i1 and any
j2 with 1 j2qi2 . Since |C|2d+3 and nrd, 
k
i=1 qir&3. Thus
Lemma 9 holds.
Case 2. k=1.
By Lemma 8, we may choose a longest path Q1=Q1[x, y] such that Q1
contains an H-block say B3 , and V(Q1) & V(C)=[x, y]. Since c(G)
3d&2 and n>5d, we obtain |H1 |2d+3 and V(H1)3 V(Q1).
By Lemma 6, we may assume that x # V(P1) and y # V(P2). Choose
a longest such path Q1[x, y] with NG$(x$) & V(H)=< for any x$ #
V(P1(x, u2]) and NG$( y$) & V(H)=< for any y$ # V(P2( y, v2]). Set
S=V(C)&(V(P1(x, u2)) _ V(P2( y, v2)) _ V(B2)). Then d+2|S| by
Lemma 3.
We now consider the graph G$1=G$[S _ V(H1)]. Clearly, G$1 is a
2-connected subgraph of G, 3d<|V(G$1)|(r&1) d. By the choice of Q1 ,
the cycle C$ with the vertex set V(Q1) _ S contains V(B1) and V(B3) and
satisfies (V) for any w # V(G$1&C$). Thus we can get pr&4 paths Qi=
Qi[wi , zi] (2i p+1) in G$1 with V(Q i) & V(C$)=[wi , zi] such that
V(G$1&C$) p+1i=2 V(Q
i), Qi contains an H-block and if p2, |V(Qi1)&
V(Qi2)|d for any 2i1<i2 p+1. Clearly, |V(Q1)&V(Qi)|d for any
i with 2i p+1.
If [wi , zi]S, let Q$i[wi , zi]=Qi . If [wi , zi]3 S, since G$1 is 2-con-
nected, we can get two shortest vertex disjoint paths connecting [wi , zi]
and two vertices, say [w$i , z$i], of S. Thus there exists a path Q$i=Q$i[w$i , z$i]
with V(Q i)V(Q$i) such that V(Q$i) & V(C)=[w$i , z$i]. Hence Q1 and Q$i
(2i p+1) are the required paths and p+1r&3.
Therefore, the proof of Lemma 9 is complete. K
3. PROOF OF THEOREM 4
As in Section 2, let Bi (i=1, 2, ..., s) be all the H-blocks of G and ui , vi
be the endvertices of Bi . By Lemma 3, 2sr&1.
Notice that for any two H-blocks Bi and Bj there is a cycle containing
them. Choose a cycle C such that |C|=max[ |C$| : C$ is a cycle of G con-
taining two distinct H-blocks]. Without loss of generality, assume that
V(B1)V(C) and V(B2)V(C). Let P1 and P2 be defined as in Section 2.
By contradiction, assume that c(G)<2n(r&1)+2(r&3)(r&1). Then
by Lemma 2, we have r4, d5 and consequently |C|c(G)3d&2.
By the choice of C, C satisfies (V) for every component of G&C. Thus
by Lemma 9, there exist distinct paths Qi=Q i[wi , zi] 1i p and
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pr&3 such that (i), (ii) and (iii) of Lemma 9 hold. By the choice of C,
we have |Qi |(|C|+2)2. Thus we obtain
|C|+ p |C|2=|C|+ p( |C|+2)2& p|C|+ :
p
j=1
|Q j|& p.
Since V(G)=V(C) _ ( pi=1 V(Q
i)), p+2r&1 and |V(Qi) & V(C)|=2,
we have
c(G)|C|2n( p+2)+2 \ :
p
j=1
|V(Q j) & V(C)|+<( p+2)&2p( p+2)
=2n( p+2)+2p( p+2)
=(2n&4)( p+2)+2
(2n&4)(r&1)+2
=2n(r&1)+2(r&3)(r&1).
The final contradiction shows that Theorem 4 is true.
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